Q: Find / / xy dA where R is the region in the first quadrant bounded by the lines y = z and y = 3x
R
and the hyperbolas xy = 1 and y = 3.

Method 1 (hard): Cartesian coordinates

We can divide the region into two subregions
separated by the vertical line z = 1 and integrate
each separately.

The green region is bounded above by y = 3z and
below by y = % The red region is bounded above

by % and below by y = z. Using the area element
dA = dy dz we have.
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Method 2 (harder): Radial coordinates

Usmg radial coordlnates we only need one integral. The integrand :cy becomes
r? cosfsin @ = 3r?sin(20). Meanwhile the angle lies between § = Z and arctan 3, and the curves

xy = 1land xy = 3 correspond to r = /2 csc(26) and r = /6 csc(260) respectively. Using the area

element dA = r dr df, our integral becomes
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Method 3 (easy):

Through inspired choice, make the coordinate transformation z = ¢ and y = v.
The boundaries of the region become

zy=1 — u=1
zy=3 — u =
y=ux — v =

Vu
y=3r — v =+vV3u

The integrand xy becomes simply « and the area element is

oz 1
5y

Oz 1
dA = |gu dudv = |? ! dudv = = dudv
B_Z ov 0 1 v

Putting it all together, we have
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Since the integrals are independent we can calculate them separately and get
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