Q: The Hermitian operator €2 corresponding to the observable (2 has three eigenstates |w; ), |w,) and |ws)
with distinct eigenvalues w1, wo and ws, respectively. Show that {2 can be written in the form

N

Q= w1 ]w1>(w1] + W |w2>(w2| + w3 \w3><w3| .

A: Let Q) operate on the arbitrary state ).

~

Q)

Since |1)) has three distinct eigenvectors, we will assume that they comprise an orthonormal eigenbasis,
¥ =c1 |[th1) + c2|t2) + 3 |1s). (If the eigenbasis is not orthonormal, we can always make it so via the
Graham Schmidt procedure).

= Q1 [th1) + 2 |92) + c3 s))
We can distribute the operator into the sum:
= 1Q[ih1) + 2Q [iha) + c3Q [h3)
The effect of the operator on an eigenvector is to produce the corresponding eigenvalue
= c1w1 [1h1) + cows |¥2) + caws [1bs)
Meanwhile the ¢; are just the inner product (overlap) with the state ¢; = (w;|¢). Since these are just

numbers, we can move them to the right. After breaking the inner product into separate bras and kets
we have

= wi Jwi fwi] [1) + wa JwaXwa| [¢) + ws JwsXws] [1)

Finally we can remove the state upon which the operator acts from both sides to arrive at the final
expression

Q= wy |wwi| + wy |wa)ws| + ws |ws)ws| W



QUESTION 4 — 15 MARKS
Consider a spin-1/2 particle with a magnetic moment
1= gq/(2m).

Questions: a) At time ¢ = 0, the observable S, is
measured with the result +7/2. What is the state vector
|1) immediately after the measurement? Explain your
answer in a couple of sentences.

First of all, I am confused by this notation. Normally we would say that the gyromagnetic ratio is

_ %
2m

and that the magnetic moment is
p="S.
I will assume that this is what the problem meant.

When the measurement is made the state collapses onto the 1/, state. In the normalized z-
representation this can be written

B(0)) = thuy = % m

b) Immediately after that S, measurement, a magnetic
field B = Bz is applied, with the quantum state of the
particle henceforth evolving in time until a time 7. What
is the state of the system at time ¢t =17

We start by finding the Hamiltonian:
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The time evolution operator is given by
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We can simplify this by rewriting in terms of the Larmor frequency
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to get

iwgt
o—iHt/h _ [6 0 ]
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When this operates on the initial state |¢/(0)) we get

[W(T)) = e~ T/ yp(0))

P S
0 e*% 1

1

V2

1 eing

\/5 6_#
L [ iwgT iwgT ]
V2

8 1)+ e 8 )

at some specific time ¢t = T..

c) At time ¢ = T, the magnetic field is very quickly
changed to B = Bpy. After another time interval T', a
measurement of S, is carried out once more. What is the
probability that a value +h/2 is found?

The new Hamiltonian is

_ 9qhBy [0 —z} woh [o —z]

A =—p-B===""1 o~ i 0

2
So we must calculate

iwgT

[$(2T)) = e T (T)) = 72 [9(T))

In order to exponentiate the Hamiltonian we rewrite the Pauli matrix using the diagonalization
procedure:

e? = PeP Pt
where

1 0
o=y ]

is the diagonal matrix whose entries are the eigenvalues of o, and
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are the matrices whose columns comprise the corresponding eigenvectors and its inverse, respectively.
Therefore

[4(27)) = =T ()
_{i z} e 1[—2' —1]L 37
-1 1] 0 e 2]t 12T

which after some trigonometry and a fair amount of simplification (re-normalization is not necessary
. . * . .
since ¢1"T is unitary) comes to

=l ey

We want the probability that the particle is in the s, = g state, so we need to calculate

(Pey) = ($(2T)| Py [¢(2T))

i sl 5[

where
111 1

is the projection matrix for the 1, state expressed in the z-basis. This gives a final result of

1 1 3 1
(Ppy) = 3 + 2 cos?(woT) = 1 + 1 cos(2woT)

So the probability oscillates between 0.5 and 1 with a frequency equal to twice the Larmor frequency.



QUESTION 5 - 15 MARKS

Consider a nickel Ni?* ion with spin S = 1 embedded
in an insulating crystalline host that produces a so-called
crystal-field Hamiltonian

Hes = ASZ,

acting on the spin of the nickel ion. The crystalline field
energy scale A = +10 meV. The system is at time ¢t = 0
in its minimum energy state (i.e. ground state) of H.s.

At time t = 0 a magnetic field B = Byz applied in
the x direction is turned on. The Zeeman Hamiltonian
describing the interaction of the nickel ion with the mag-
netic field is

7'[Zt'eeman — 2HBS : B,

where pp is the Bohr magneton.

Question: What is the probability that the system
is still in its ground state 30 ps after a magnetic field
By =1 T has been turned on?
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